Coupled quantum harmonic oscillators, studied by many authors using many different techniques over the decades, are frequently used toy-models to study open quantum systems. In this manuscript, we explicitly study the simplest oscillator model -a pair of initially decoupled quantum harmonic oscillators interacting with a spring-like coupling, where the bath oscillator is initially in a thermal-like state. In particular, we treat the completely positive and trace preserving map on the system as a quantum channel, and study the truncation of the channel by truncating its Kraus set and its output dimension. We thereby derive the truncated transition amplitudes of the corresponding truncated channel. Finally, we give a computable approximation for these truncated transition amplitudes with explicit error bounds, and perform a case study of the oscillators in the off-resonant and weakly-coupled regime numerically. We demonstrate explicitly that the substantial leakage error can be mitigated via quantum error correction.
I. INTRODUCTION
One of the canonical physical models in quantum physics is that of quantum oscillators coupled with harmonic baths. The dynamics of such models and their variations has been extensively studied, using various techniques [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . These techniques include Markovian master equations [12] , quantum stochastic processes and quantum Langevin equations [1, [13] [14] [15] [16] [17] , Kossakowski-Lindblad equations [18, 19] , methods in density-functional theory [20] , the standard techniques of perturbation theory, among many others [21, 22] .
Quantum channels [23] can be used to quantify the dynamics of a quantum system, and can be described by truncated transition amplitudes. In this paper, we approximate the truncated transition amplitudes of a given channel, where the truncation is performed with respect to the quantum channel's set of Kraus operators and its dimensions. A truncated quantum channel is a trace-decreasing quantum operation, and quantifies the partial dynamics acting on the system. Knowledge of the truncated quantum channel has utility -lower bounds on the performance of quantum error correction codes with its knowledge [25] [26] [27] [28] [29] [30] [31] [32] [33] .
In this paper, we work towards quantifying the approximate dynamics of a pair of initially decoupled quantum harmonic oscillators interacting with a spring-like coupling, where the bath oscillator is initially in a thermal-like state. We work with a truncated subset of the model's Kraus operators, and thereby approximate its truncated transition amplitudes.
We note that the Kraus operators of oscillator-bath models have also been approximated by various authors [6, 34, 35] . Recently, Holevo also gave a formal exact expression for the Choi-Jamiolkowski operator for Gaussian channels [36] , which describes the dynamics of coupled oscillators. Our contributions in this paper, are the explicit upper bounds on the approximation error of the truncated transition amplitudes of two quantum harmonic oscillators coupled via a spring-like interaction, where the approximation is an explicit summation of a finite number of computable terms, and dependent on the size of the input and output dimensions of the truncated channel. Our results can be used to explicitly study this toy model with rigorous error bounds. In particular, we numerically demonstrate and provide lower bounds for the leakage error, and show how this leakage error is mitigated via quantum error correction.
The organization of the paper is as follows. In Section II, we introduce the preliminary 
Hence T (a,b)→(a ,b ) K quantifies the transition amplitudes of b H |ρ|a H to b K |Φ(ρ)|a K . For the purpose of quantum information processing, it may not be necessary to work with the full Kraus set K. In this paper, we instead restrict our attention to the truncated Kraus set Ω, which is some appropriately chosen subset of the full Kraus set. This truncation procedure approximates the channel well if the truncated Kraus set comprises of the 'typical' Kraus effects. For the purpose of quantum error correction, partial knowledge of the channel is already of great utility, and recovery channels can be constructed based on this partial information to give lower bounds on the entanglement fidelity of specifically chosen quantum codes. Hence in this paper, the truncated transition amplitudes T 
C. Hermite polynomials and functions
For n ∈ N, define the Hermite polynomials H n (x) and the Hermite functions ψ n (x) to be
For example, H 0 (x) = 1 and H 1 (x) = 2x. The reader can refer to [42] for the properties of the Hermite polynomials and functions. For c > 0, also define the rescaled Hermite function to be
As stated by Watson [43] , Mehler's formula applies in the case when |z| < 1 and z is real, that is
Mehler's formula also holds for all complex numbers |z| < 1, with the series converging uniformly and absolutely [Theorem 23.1 [44] ].
D. A pair of harmonic oscillators and their linear canonical transformations
The classical model
We refer the reader to [45] for an introduction to the quantum harmonic oscillator. Define the classical Hamiltonian of a classical harmonic oscillator with mass m, resonant frequency ω, position coordinate x and momentum coordinate p to be
The model we study has the classical Hamiltonian 
In an experimental setup, it may be impossible to turn off the interaction between the two oscillators. Then the physically measured oscillator frequencies correspond to the renormalized frequencies. Therefore, we work with the renormalized representation of the model Hamiltonian given by (7).
The quantized model
Define the Hamiltonian of a quantum harmonic oscillator with associated Hilbert space H, mass M > 0, resonant frequency ω > 0, position operatorx H and momentum operator p H to be
The set of rescaled Hermite functions {|ψ n, √ 
where H int := −kxŷ is the quantized interaction.
The coupled quantum harmonic oscillators can be decoupled by a linear canonical transformation of the oscillator positions and momenta [46] . Define the rotation matrix, the rotation angle, and the rescaled mass by
respectively. The use of straightforward trigonometry then gives
where
Note that the rotation angle quantifies the strength of the coupling, in the sense that cos θ ≈ 1 and sin θ ≈ 0 when the coupling constant k is small and the oscillators are off-resonant.
Define the normalization parameter µ := 4 mx my . Then we choose the transformed position and momenta operators to be given by
where (x 1 , x 2 , ...) denotes a column vector. The quantized Hamiltonian is H = H m,ωu;û,pu + H m,ωv;v,pv where
Note that the frequencies ω u and ω v are real as long as the original oscillator frequencies ω x,o and ω y,o before renormalization are also real, because the renormalized frequencies ω x and ω y increase as the coupling strength k increases.
The linear canonical transformation that decouples the pair of harmonic oscillators is not unique. We chose the transformation that gives the same mass m for the decoupled oscillators, so that the only parameter different between them are the frequencies ω u and ω v . Since the transformation we have performed is canonical, 
III. TRUNCATED DYNAMICS OF THE INTERACTING SYSTEM
This section highlights the main results of our paper. We provide a computable approximation to our physical model's truncated channel with corresponding error bounds that are simple to describe.
A. The general model
The Hilbert space of our model has the general form H = X ⊗ Y where X and Y are separable Hilbert spaces of the system and the environment respectively. Our model's
Hamiltonian is
where H, H x , H y and H int are (typically unbounded) Hermitian operators in the sets
and L(H) respectively. The Hamiltonians H x and H y describes the bare dynamics on X and Y respectively, and H int describes the system-bath interaction.
Let the initial state of the entire model be ρ all := ρ 0 ⊗ σ y , where ρ 0 ∈ D(X ) and the bath
Let the time evolution operator of the entire model at time t be the unitary operator U t ∈ B(H). Then the time evolved state of system X at time t is
Using (1), a feasible Kraus set and transition amplitudes for Φ t are
The transition amplitudes (16) of the full quantum channel may be impossible to evaluate because of the inifinite summation that is required. In view of this, we can instead evaluate the truncated transition amplitudes by truncating the infinite summation. These truncated transition amplitudes are the transition amplitudes of the truncated quantum channel.
B. Coupled harmonic oscillators
The approximate dynamics of coupled harmonic oscillators are still actively studied [47, 48] . In our paper, we use the model as described in Section II D 2. Let z u := e −iωut and
For j ∈ N, define |j x := |ψ j,cx,X , |j y := |ψ j,cy,Y , |j u := |ψ j,cu,U , and
Then the unitary operator U t has the spectral decomposition
Let r = exp(− 
Thus p = r (1 − r) in equations (15) and (16).
Kraus operators and transition amplitudes
Using (15), the matrix elements of our Kraus operator K ∈ K t indexed by , ∈ N are
The goal is now to find an expression for the truncated transition amplitudes for small values of a, b, a and b . We first give an expression for the transition amplitude with respect to the full Kraus set K t , which is
The matrix elements in the expression above can be simplified by expressing them in the x and y coordinates of the original oscillators. In particular, the expression above becomes an integral of the product of rescaled Hermite functions. To simplify notation, let 
The summation indices in the transition amplitude corresponding to the full Kraus set K t in (20) are and respectively. In this paper, we choose our truncated Kraus set to be Ω L,t , where only the summation over is truncated.
By applying Mehler's formula (5) on the variable , the expression for the truncated transition amplitude is
where the path-dependent and time-independent transition amplitudes
where x = (x 1 , x 2 , x 3 , x 4 ) and y = (y 1 , y 2 , y 3 , y 4 ) are the rescaled position coordinates of the system and environment oscillator respectively. The integral f can be more easily evaluated if we express it as a product of three integrals, in the sense that
where the integrals are
and the kernels are
Now our truncated transition amplitude is still a sum over an infinite number of integrals, and hence we intend to approximate it by the finite sum
for some positive integer N . In Theorem III.1, we prove that the absolute value of the error term by approximating the truncated transition amplitude (22) with (29) and N be positive integers. Let C be a constant that depends on m x , m y , ω x , ω y and k (see (34) ), and A,Ã, B,B be constants that depend on D and L (see (35) 
given by (29) . Then for all integers 0 ≤ a, b, a , b ≤ D,
Remark III.2. Observe that when C is a very large number, the upper bound of the above theorem is dominated by the expression
as N becomes large (andñ i is defined as (max 0≤j≤i ψ j 1 ).
Remark III.3. If the parity of a + b differs from that of a + b , the approximate truncated amplitude is necessarily identically zero for all positive integers L and N . This is a result of a simple parity counting argument after noting that the I-type integrals (25) and J-type integrals (26) are zero whenever the parity of the sum of their indices are odd. Hence parity is conserved with regards to our physical model.
Remark III.4. The bounds of Theorem III.1 can be substantially tightened using information pertaining to the I-type integrals (25) , which are substantially simplier to evaluate than the J-type integrals (26) . Using bounds for the J-type integrals (37), we have that for integer
Proof of Theorem III.1. Our goal is to obtain upper bounds on each of the integrals I and J defined in (25) and (26) . Applying the Cauchy-Schwarz inequality on |I a , ,κ ,χ | gives
We similarly use the Cauchy-Schwarz inequality to obtain an upper bound of the absolute value of (26), which is
For the purpose of using Lemma IV.3 and Lemma IV.4, define the constants
and A = 1.74
Noting that sin θ and cos θ are positive by definition (see (11) ), and using the definitions of c 1 , c 2 and C with Lemma IV.3, we have that
and we have a similar upper bound of |I b , ,κ,χ |. Using Lemma IV.4, we have that
By expanding out the terms of the products of the upper bounds given by (36) and (37), our upper bound on the absolute value of (24)
By the subadditivity of the square root function, we have that
The summation of the above expression over κ and κ can be seen as an inner product of vectors with exponentially decaying terms and polynomially decaying terms respectively.
We hence apply Hölder's inequality for sequence spaces on the summation of the above expression over κ and κ . We thereby obtain an upper bound of the sum in terms of the onenorm of the vector with exponentially decaying terms, and the infinity-norm of the vector with polynomially decaying terms: 
Now the integral

IV. BOUNDS ON HERMITE FUNCTIONS
This section provides the main technical lemmas that are used to obtain error bounds on our approximation to our truncated transition amplitudes. The main technical tools that we use in this section are Alzer's sharp bounds on the gamma function [49] and bounds on the Dominici's asymptotic approximation of Hermite functions with error estimates by Kerman, Huang and Brannan [50] .
Lemma IV.1. For all positive integers n and reals x ∈ [− √ n, √ n], we have |ψ n (x)| <
Proof. This proof combines Alzer's sharp bounds on the gamma function [49] with uniform bounds on the envelope of the Hermite functions in the oscillatory region by Kerman, Huang and Brannan [50] . Using Kerman, Huang and Brannan's result (see equation (2.1) and (1.4) in [50] ), for
Alzer's sharp bounds for the gamma function are that for all n > 0,
Note that for real n ≥ 1, we have 1 ≤ n sinh 1 n n/2 < 1.085. Hence we have that for positive integers n,
Hence Kerman, Huang and Brannan's upper bound on the envelope of the Hermite function
The next lemma provides a rather coarse upper bound on the absolute value of the Hermite function, with maximum utility in the monotonic region of the Hermite function.
Lemma IV.2. For all reals |x| > 1 and integers n ≥ 0, we have |ψ n (x)| ≤ 2 n n!n n e n √ π e −x 2 /4 .
Proof. Using the Maclaurin decomposition of the Hermite polynomial H n (x) [51] , we get
It is easy to verify that sup
. Hence when |x| > 1,
Lemma IV.3 provides upper bounds on the one-norm of the product of Hermite functions in terms of the order of the Hermite functions, and is crucial in obtaining upper bounds on our error estimates.
Lemma IV.3. For real numbers a, b = 0, let c = min(|a|, |b|). Let j, k, n ∈ N and n ≥ 1.
Proof. We split the region over which the integral is performed into two overlapping regions A 1 and A 2 (see Figure 1) , where
Then using the Charlier-Cramér bound [51] which states that sup n,x |ψ n (x)| ≤ the uniform upper bound of the envelope of the Hermite polynomial in the oscillatory region as stated in Lemma IV.1, we get
The integral of |ψ j (x)ψ k (y)| over the region A 1 is at most
Using the exponential upper bound of Lemma IV.2, the integral over the annulus region A 2 is at most
Combining the upper bounds for region A 1 and A 2 then gives the result.
The following lemma is needed to obtain upper bounds on the absolute value of |J b,a,κ,χ,κ ,χ ,r |, and is similar to the preceding lemma.
Lemma IV.4. Let 0 = a, b ∈ R, c = min(|a|, |b|) and j, k, n, n ∈ N where n, n ≥ 1. Then
Proof. We split the region over which the integral is performed into two overlapping regions A 1 and A 2 (just as in the proof of Lemma IV.3), where Now observe that we can express the kernel Θ w,x,y,z (j, k; r) as
and hence the absolute value of our kernel has an upper bound that factorizes, in the sense that
Hence the integral over the region A 1 is at most
The upper bound on the kernel also allows us to find that the integral over the region A 2 is at most
(y 2 +z 2 ) dw dx dy dz
Combining our upper bounds on the integrals in the regions A 1 and A 2 thereby gives the result.
V. A CASE STUDY: OFF-RESONANT WEAKLY COUPLED OSCILLATORS
In this section, we perform a case study of the dynamics of our physical model when the oscillators are off-resonant and weakly coupled. In agreement with the standard results of perturbation theory, we find negligible amplitude damping in the truncated dynamics of our system. Moreover, we show that leakage error is the dominant error process, and can be mitigated via quantum error correction.
A. Parameters of the physical model and the truncated channel
The amount of truncation in our truncated channel N is quantified by the parameter L = 2, and the order of our approximation to the truncated channel is quantified by the parameter N = 6 (see (29) for the definition of the truncated transition amplitudes). We restrict the analysis of our truncated channels to a 4-level system by setting the parameter D = 3. Table I shows the parameters used for our physical model. We use the SI units. The output parameters are numerically computed using floating point numbers with 1024 bits of precision, and are shown up to ten decimal places. For our choice of parameters, the positive are defined implicitly in the equations u x,y = u 1 x + u 2 y and v x,y = v 1 x + v 2 y (see (21)). Also note that ψ n 1 := R |ψ n (x)|dx.
constants AÃB,Ã 2 B, A 2B , AÃB,Ã 2B ≤ 10 −288 , and are negligible, and hence Remark III.2 holds.
B. Approximate dynamics of the truncated channel
We numerically evaluate approximate truncated transition amplitudes (29) 
The above relation holds for two reasons. Firstly, the conservation of the parity of all truncated transition amplitudes as stated in Remark III.3 implies that the parity of a + b equals the parity of a + b . Secondly, the other negligible transitions are in agreement with the results of using perturbation theory on off-resonant and weakly coupled harmonic oscillators. Also note that the negligible damping from the first excited state to the ground state of our truncated channel suggests that the coupled oscillator model is inconsistent with the phenomenon of amplitude damping [23] even at zero temperature.
The Choi-Jamiolkowski (CJ) operator of the finite input and output dimension channel Φ with Kraus set K is the linear operator
where the linear map |· : L(H, K) → K ⊗ H is a stacking isomorphism such that
We now construct a quantum operation A to approximate the truncated channel N . correspond to the output and input Hilbert spaces of the truncated map respectively. We plot the absolute value of some of these non-negligible matrix elements in Figure 2 .
Let the spectral decomposition of χ have the form χ = 
Observe that for i, j ∈ {0, 1, 2, 3} we have
Leakage error
Leakage error, a dominant process of our model, occurs when low energy states transition into higher energy states within the quantum system. We derive lower bounds on the minimum amount of qubit leakage in our system, when the quantum channel is Φ t with Kraus set K t given by (15) . For qubit leakage to occur, it suffices to have the strict inequality
for some density operator ρ supported on the span of |0 X and |1 X . The above expression quantifies the amount of leakage from the qubit state space of our system.
We proceed to obtain a strictly positive lower bound on Leakage(Φ t , ρ). If Φ t = N + M for some completely positive maps N and M, then the complete positivity of N and M implies that Leakage(Φ t , ρ) ≥ Leakage(N , ρ). Hence it suffices to obtain a lower bound for Leakage(N , ρ). For our application, N is our truncated channel.
Assume that the initial state of the system is ρ = 1 2 
− 2 where is given the upper bound in Theorem III.1. In view of the data given in Figure 2 , the amount of qubit leakage can actually be quite substantial. In particular, when t = 5×10 −6 , the amount of leakage of Φ t is at least 0.4 which is substantially larger than zero.
The large amount of leakage from our qubit state highlights the importance of accounting for transitions of low energy states into excited states in oscillator systems, and also the problem of using the lowest two energy eigenstates as a basis to encode our qubit.
Quantum error correction versus no quantum error correction
We consider a universe with four harmonic oscillators X 1 , X couplings and X 2 -Y 2 couplings in our universe. Suppose that a maximally entangled twoqubit state is initialized in the X 1 and X 2 oscillators supported on their two lowest energy levels. We assume that the oscillators Y 1 and Y 2 are initialized in the ground state. We obtain a lower bound on the fidelity of the time-evolved states when instantaneous, identical and independent recovery operations are performed on oscillators X 1 and X 2 . Denoting our truncated channel and recovery channel on a single system oscillator by N and R respectively, our lower bound on the output fidelity is
We now proceed to obtain a lower bound on the entanglement fidelity of our time-evolved maximally entangled state, with and without recovery. The maximally entangled state on two qubits written as a density matrix is
|i, i j, j|.
By linearity, the action of our truncated channels on the maximally entangled state gives
Let us denote the error of the truncated transition amplitude of A iji j to be iji j so that (A iji 1 j 1 + iji 1 j 1 )(A iji 2 j 2 + iji 2 j 2 )|i 1 , i 2 j 1 , j 2 |
If we perform no recovery operation, R is just the identity map I, and we have 
Dropping the labels on the Hilbert spaces of our bras and kets, we can use (46) to find that [30, 31] are near optimal recovery operators defined with respect to a quantum operation A and a state ρ, and are equivalent when A has only one Kraus operator.
For our application, we study the Barnum-Knill recovery, with ρ = (|0 0| + |1 1|)/2 and quantum operation A approximating the truncated channel N . Our choice of ρ shows that our quantum information is encoded in the trivial quantum code (no encoding). For our application, the Barnum-Knill recovery operator which is also a quantum operation is defined as
where ( 
We plot lower bounds of the fidelity with and without Barnum-Knill recovery in Figure 3 , and demonstrate that a fidelity of more than 60% is still possible in spite of the leakage error and the use of truncated quantum channels in our analysis.
VI. DISCUSSIONS
The system we consider is described by a quantum harmonic oscillator coupled through a spring-like interaction to another initially decoupled harmonic oscillator. We provide approximations to the truncated transition amplitudes of such a system. The converging error bound of such approximations is our main result. Properties of the integrals of products of Hermite functions lie at the heart of the proof. It is also worth noting that any ensemble of harmonic oscillators with spring-like coupling can be analyzed similarly.
We also show numerically that in agreement with intuition from perturbation theory, when the oscillators are off-resonant and weakly coupled, amplitude damping is a negligible physical process. We also use our truncated channel representation to show that qubit leakage can be a dominant physical process, and how Barnum-Knill recovery can help protect a maximally entangled state stored in two oscillators each coupled independently to distinct zero-temperature harmonic baths, in the paradigm of off-resonant and weak coupling between the system and a zero temperature bath.
